Continuum spectrum emitted by the accretion disk around quasars hold a wealth of information regarding the strong gravitational field produced by the massive central object. Such strong gravity regime is often expected to exhibit deviations from general relativity (GR) which may manifest through the presence of extra dimensions. Higher dimensions, which serve as the corner stone for string theory and M-theory can act as promising alternatives to dark matter and dark energy with interesting implications in inflationary cosmology, gravitational waves and collider physics. Therefore it is instructive to investigate the effect of more than four spacetime dimensions on the black hole continuum spectrum which provide an effective astrophysical probe to the strong gravity regime. To explore such a scenario, we compute the optical luminosity emitted by a thin accretion disk around a rotating supermassive black hole albeit in the presence of extra dimensions. The background metric resembles the Kerr-Newmann spacetime in GR where the tidal charge parameter inherited from extra dimensions can also assume negative signature. The theoretical luminosity computed in such a background is contrasted with optical observations of eighty quasars. The difference between the theoretical and observed luminosity for these quasars is used to infer the most favoured choice of the rotation parameter for each quasar and the tidal charge parameter. This has been achieved by minimizing/maximizing several error estimators, e.g., χ 2 , Nash-Sutcliffe efficiency, index of agreement etc. Intriguingly, all of them favour a negative value for the tidal charge parameter, a characteristic signature of extra dimensions. Thus accretion disk does provide a significant possibility of exploring the existence of extra dimensions through its close correspondence with the strong gravity regime.
Introduction
General Relativity (GR) is the most successful theory, so far, in explaining the gravitational interaction at various length scales. The success of GR stems from its remarkable theoretical predictions and their consistency with observations [1] [2] [3] [4] . The most recent in the list being the detection of gravitational waves from colliding black holes and neutron stars [5] [6] [7] [8] [9] . The associated field equations, known as Einstein's equations, govern the dynamics of an apple falling to the ground as well as the evolution of the universe as a whole [10] [11] [12] [13] . Despite its brilliant success over such a large length scale, there are a few regimes where the theory breaks down. The most notable among them are the black hole and cosmological singularities, where the theory loses its predictive power [14] [15] [16] [17] . This is tantamount to saying that at very small length scales (possibly Planck length or less) GR must receive significant corrections from a more complete theory of gravitation that incorporates its quantum character [18] [19] [20] [21] . The lack of an undisputed understanding of the nature of strong gravity coupled with the inadequacy of GR to address the pressing issues like dark matter [22] [23] [24] and dark energy [25] [26] [27] , makes the quest for a more complete theory of gravity increasingly compelling. This has led to a proliferation of alternate gravity models which can be strong contenders of GR.
Such alternate gravity models should not only pass the classic tests of GR but also offer explanations to the unresolved issues like dark matter and/or dark energy. Consequently, there have been several approaches to modify the structure of the gravitational action. Among the various proposals the most prominent ones include, e.g., f (R) gravity [28] [29] [30] [31] [32] [33] , Lovelock theories [34] [35] [36] [37] [38] [39] [40] , scalar-tensor theories/Horndeski models [41] [42] [43] [44] [45] [46] [47] [48] and theories with extra spatial dimensions [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] . In this work we explore modifications in GR due to extra dimensions since it offers one of the simplest and minimal alteration to the Einstein-Hilbert action. Extra dimensions, which serve as the bedrock for string theory and Mtheory [61] [62] [63] [64] , arise naturally in the quest for unification of all the known forces. The string-inspired brane-world models [65] [66] [67] [68] which are designed to provide a resolution to the fine-tuning problem in particle physics [66] [67] [68] [69] [70] [71] [72] [73] also owe their origin to extra dimensions. These models assume that the observable Universe comprising of the Standard Model particles and fields are confined to a 3-brane while gravity pervades the bulk [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] 65, 70] . Motivated by the success of the brane world models in several theoretical contexts, it is important to subject them to various observational tests, wherever there is a scope. The most widely used observational probe for extra dimensions come from particle physics experiments [74] [75] [76] [77] [78] [79] . In addition, they have interesting implications in inflationary cosmology [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] and often offer exciting surrogates to the elusive dark energy [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] and dark matter [91] [92] [93] [94] [95] . In the context of gravitational waves they modify the quasi-normal modes emanating from the perturbed black holes with signatures distinct from general relativity [96] [97] [98] [99] [100] [101] . The presence of extra dimensions also affect the equation of state of a neutron star which in turn alter the tidal Love numbers measuring its deformability [102] [103] [104] [105] [106] . This can be used to impose tight constraints on the extra dimensional parameters, using for example, the GW170817 event [107] [108] [109] [110] .
In this work, we aim to discern the footprints of extra dimensions in black hole accretion. We consider a single brane encompassing the visible universe, embedded in a five dimensional bulk. As a consequence, the non-local effects of the bulk Weyl tensor acts as a source to four dimensional gravity, even in the absence of any matter-energy on the brane [49, 51, 54, 58, 111] . A certain class of vacuum solutions of the modified field equations resemble the Reissner-Nordström metric in GR if the background spacetime is static and spherically symmetric [50, 51] or the Kerr-Newmann solution in case the metric is stationary and axi-symmetric [112] . However, unlike GR, the tidal charge parameter in the aforesaid spacetimes owes its origin to extra dimensions and hence can also assume negative values which turns out to be a distinguishing signature of higher dimensons [113] .
Continuum spectrum emitted by the accretion disk around quasars encapsulate enormous information regarding the nature of the background spacetime and hence serve as promising probes to the strong gravity regime around quasars. The associated accretion flow is approximated by the geometrically thin and optically thick accretion disk discussed in [114] [115] [116] [117] . Since the thin accretion disk around supermassive black holes emit chiefly in optical frequencies [118] we compute the theoretical estimates of optical luminosity for a sample of eighty Palomar Green quasars [119, 120] assuming the background metric to mimic the aforesaid Kerr-Newmann spacetime. Therefore, the theoretical luminosity depends not only on the tidal charge parameter inherited from extra dimensions but also on the rotation of the quasars. This when compared with the corresponding optical observations of quasars provide a cue not only on the signature of the tidal charge parameter but also an estimate on the rotation parameters of the quasars. Previously, we explored the effect of the tidal charge parameter alone on the theoretical luminosity and reported that quasar optical data favor a negative charge parameter [121] . Since quasars are intrinsically rotating, an extension of [121] is essential by incorporating the spin of the quasars in our analysis. This is the primary goal of this work which in turn provides a greater reliance on our previous findings. Our conclusions are based on several tests of goodness-of-fit, e.g., chi-squared, Nash-Sutcliffe efficiency and index of agreement which renders a more quantitative appreciation of our results.
The paper is organized as follows: In Section 2 we describe the rotating black hole solution and the brane world model we are considering. The basic steps of calculating the flux and hence the luminosity from the accretion disk in such a black hole spacetime have been explored in Section 3. Subsequently in Section 4, a comparison between the theoretical and observed luminosity of eighty quasars is performed in terms of several error estimators. Finally, we conclude with a discussion of our results and some scope for future work in Section 5.
Notations and Conventions: Throughout this paper, the Greek indices denote the four dimensional spacetime and we will work in geometrized unit with G = 1 = c and the metric convention will be mostly positive.
Rotating black hole in the brane world gravity
In this section we will outline the derivation of the vacuum solutions of the modified gravitational field equations as perceived by a four dimensional observer in the presence of higher dimension. There are several ways of achieving the same, possibly by integrating out the bulk degrees of freedom or by projecting the bulk gravitational field equations on the brane hypersurface. In this work, we will adopt the second approach, since the other avenues require a detailed knowledge of the bulk geometry which a priori is absent to a brane observer. Therefore, the approach taken by us is much more generic. In this particular scenario, one projects the bulk Einstein's equations on the brane hypersurface and through the use of Gauss and Codazzi equations it is possible to arrive at the effective gravitational field equations on the brane [49, 51, 57, 58] . This involves the four-dimensional Einstein tensor G µν as well as the bulk Weyl tensor, projected onto the brane hypersurface. There are of course additional contributions from the matter sector, which however vanish in the context of a vacuum brane. The additional piece generated from the bulk Weyl tensor (also known as the electric part of the Weyl tensor), by virtue its inherent symmetries is traceless and hence mimics the energy-momentum tensor of a Maxwell field [112] . The static and spherically symmetric spacetime in this scenario looks like the Reissner-Nordström solution, where the charge term can be both positive and negative. The negative value of the charge term provides a characteristic signature of these extra dimensional models. The above static and spherical symmetric brane spacetime has already been investigated in [50, 121] , following which in this work we want to explore the stationary and axisymmetric counterpart of the same [112] , which is observationally more relevant.
In the context of any stationary and axi-symmetric spacetime there exists two Killing vectors (∂/∂t) a and (∂/∂φ) a . Further, absence of any brane matter enables one to express the line element in terms of five functions of radial and angular coordinate. In this particular context, the solution looks like the Kerr-Newman spacetime with the associated line element,
where we have defined, ρ 2 = r 2 + a 2 cos 2 θ and ∆ = r 2 − 2M r + a 2 + 4M 2 q. Note that the charge parameter q in Eq. (1) is inherited from the presence of higher dimensions and hence can assume both positive and negative values. For positive q, Eq.
(1) appears similar to a Kerr-Newmann black hole with an event horizon and a Cauchy horizon, while the case with negative q has no analogue in general relativity and thus provides a true signature of the additional spatial dimensions [112] .
In what follows we will analyze the motion of particles in this black hole spacetime, acting as the basic constituents of the accretion disk. In a simplified scenario, which we will consider in this work, the accretion flow will be restricted to the equatorial plane (i.e., θ = π/2) with the accreting particles following nearly circular geodesics. This implies that the resultant accretion disk is geometrically thin, i.e., {h(r)/r} ≪ 1, where h(r) is the disk height at a radial distance r from the black hole. Since the flow is along the equatorial plane the metric coefficients are only functions of the radial coordinate r. Since the motion is circular and on the equatorial plane, the azimuthal velocity v φ is the dominant one. While for accretion to take place the accreting matter should also have a minimal radial velocity v r and negligible vertical velocity v z , i.e., v z ≪ v r ≪ v φ , such that one ends up with a thin accretion disk with no outflows. The small radial velocity is gained due to viscous dissipation which facilitates loss of angular momentum and results into gradual in-spiral and ultimate fall of matter into the black hole.
3 Luminosity from the accretion disk around a rotating brane world black hole
In this section we will discuss various properties of electromagnetic emission from the accretion disk around a rotating brane world black hole and shall use them to quantify the luminosity from the accretion disk. For generality we will present some of the results for a general stationary and axi-symmetric spacetime before specializing to the particular case presented in Eq. (1). As illustrated above, such a general stationary and axi-symmetric background is encoded by five functions, namely, g tt , g tφ , g φφ , g rr and finally g θθ . However for motion in the equatorial plane, the g θθ part does not contribute. Since any stationary and axi-symmetric spacetime has two Killing vectors, viz., (∂/∂t) a and (∂/∂φ) a , there are two conserved quantities, namely, the specific energy E and the specific angular momentum L. For massive test particles moving in circular geodesics the specific energy can be expressed in terms of the metric elements as,
On the other hand the specific angular momentum takes the form,
where, Ω = (dφ/dt) is the angular velocity associated with the circular trajectory of the massive particle. Using the geodesic equation it is possible to express the angular velocity as well in terms of metric coefficients,
where the positive (negative) sign in Eq. (4) corresponds to prograde (retrograde) orbits respectively. Since both g tt and g tφ are negative, the quantity under the square root turns out to be positive, leading to non-trivial expressions for Ω. These three quantities, namely angular velocity, specific energy and specific angular momentum associated with the circular motion on the equatorial plane are the most important quantities one requires in order to compute the flux and hence the luminosity emanating from the accretion disk.
To proceed further, we need to write down the energy momentum tensor associated with the accretion flow, which may be treated as a fluid. Using the four velocity of the accreting particles moving in circular geodesics, one can express the energy momentum tensor as,
Here u α stands for the four velocity of the particles moving with the accretion flow and ρ 0 is the energy density measured by the accreting matter if treated as a perfect fluid. On the other hand, the quantity Π represents contribution to the energy density due to dissipation, i.e., departure of the accreting material from a perfect fluid and is referred to as the specific internal energy of the system. Finally t αβ is the stress-tensor measured in the local rest frame of the accreting fluid and q α is the energy flux relative to the local inertial frame. As a consequence, t αβ u α = 0 = q α u α . The stability of the accretion disk and the fact that the accreting particles follow nearly circular geodesics imply that the gravitational pull of the central black hole supercedes the forces due to radial pressure gradients. Therefore the specific internal energy of the accreting fluid, i.e., Π can be neglected compared to the rest energy of the fluid, such that Π ≪ 1. This translates to the fact that although one needs to consider general relativistic effects due to the presence of the black hole, the special relativistic corrections to the local hydrodynamic, thermodynamic and radiative properties of the fluid can be safely ignored. Consequently, the amount of energy generated due to the viscous dissipation is completely radiated away and hence no heat is trapped with the accreting matter. Therefore, only the z-component of the energy flux vector q α has a non-zero contribution. For a more detailed exposition on the assumptions associated with the thin accretion disk model we refer the reader to [116, 117] .
The Conservation Laws
Having discussed the basic overview of the theoretical properties of the accretion disk, we now present the computation of flux and hence luminosity arising from the accretion into the central black hole. This will be achieved by introducing three conservation laws, namely the conservation of mass, angular momentum and energy. In what follows we will briefly discuss all of these conservation laws and finally we will present the expression for flux from the accretion disk.
• Conservation of mass of the accreting fluid: By conservation of mass we mean, if we consider a small volume, then the rate of change of mass within that volume compensates for the total mass flowing out of that volume. In the context of accretion one can safely assume that over the time scales of interest, the matter is accreted at a nearly constant rateṀ 0 , such that in a small time interval ∆t, the total amount of mass influx at a fixed radius r corresponds toṀ 0 ∆t. This should be equal to the mass flowing out of r = constant surface and hence to the integral of the radial mass current ρ 0 u r over the r = constant hypersurface. Thus the integration measure will correspond to √ −g tt g φφ dtdφdz, where instead of θ we are using z as the vertical coordinate. Since over the time scale of interest the accretion disk+black hole system can be considered to be stationary as well as axi-symmetric, we will work with time-averaged quantities. Thus the three dimensional integral over ρ 0 u r can be converted to an integral over z of ρ 0 , which yields,
where g represents determinant of the axi-symmetric metric, which in our particular case of brane world black hole corresponds to Eq. (1). Further the quantity Σ defined above depicts the average surface density of matter flowing into the black hole. Thus conservation of mass relates the accretion rateṀ 0 with the average surface density. We will now consider the other two conservation relations.
• Conservation of angular momentum of the accreting fluid: The conservation of angular momentum is best described by defining a current starting from the energy-momentum tensor T µν defined in Eq. (5), such that J 
where we have assumed geodesic flow along the equatorial plane of the black hole, have neglected contribution from the internal energy term Π and have used the orthogonality conditions u ν t µ ν = 0 = u µ q µ . Subsequent integration over time and z leads to the following quantity, q z (r, h) − q z (r, −h) from the last term of Eq. (7) as well as integration of t r φ over the height of the disk from the second term. The first term is related to Σ and hence to the accretion rateṀ 0 , thanks to mass conservation as presented in Eq. (6) . Therefore, the conservation of angular momentum assumes the form,
where F corresponds to the flux of radiation generated by the accretion process and is defined as,
) and W r φ denotes the height and time averaged stress tensor in the local rest frame of the accreting particles. Thus the conservation of angular momentum can be casted as the differential equation presented above, involving flux, accretion rate and the average local stress tensor.
• Conservation of energy of the accreting fluid: Finally, we consider conservation of energy of the accreting fluid. As in the case of angular momentum, for energy as well, one may define the current J 
Integration over t and z coordinates yields expectation values of various quantities averaged along the vertical direction. As for the third term in the above expression this yields q z (r, h) − q z (r, −h) , which equals to 2F by virtue of the definition of the flux from accretion disk. Along identical lines we obtain, time and height average of t r t to be W r t . The first term in Eq. (9) can be related to the surface density Σ and hence to the accretion rateṀ 0 through the use of Eq. (6). It turns out that the quantity W r φ and W r t are not independent, rather they are connected by a certain relation. This can be derived by invoking the orthogonality relation, u ν t µ ν = 0 which further implies u ν W µ ν = 0 as well. Hence one can write,
where Ω is the angular velocity of the accreting particles. Using this relation, we can express the condition for the conservation of energy as,
In this expression as well, F stands for the flux from the accretion disk and W r φ is the time and height averaged local stress energy tensor. In the remaining discussion, we will eliminate the term W r φ and shall express the flux in terms of energy, angular momentum and angular velocity of the accreting particles alone.
Flux from the accretion disk
With all the conservation relations at hand, in this section, we proceed to compute the flux of electromagnetic radiation emitted from the accretion disk. For this purpose we define a normalized flux f such that, f = 4π √ −g(F/Ṁ 0 ) as well as normalized local stress tensor, w = 2π √ −g(W r φ /Ṁ 0 ). In terms of these two quantities we may rewrite the angular momentum and energy conservation relations as presented in Eq. (8) and Eq. (11) in the following form,
Further, taking into account the geodesic equation u µ ∇ µ u ν = 0 satisfied by the accreting particles and the normalization condition of the 4−velocity, i.e., u µ u µ = −1 one can relate the energy of the particle with its angular momentum through the angular velocity Ω as, ∂ r E = Ω∂ r L. Use of this relation in Eq. (12) allows one to solve the simultaneous differential equations for both the normalized flux f and the normalized local stress tensor w, yielding
The constant of integration appearing in the expression for flux, presented in Eq. (13) is fixed by assuming that the accretion disk truncates at the marginally stable circular orbit r ms , i.e., the accreting fluid ceases to have any azimuthal velocity after crossing r ms . Consequently, the shear stress W r φ , or equivalently w vanishes at r ms . In such a scenario, the expression for flux, as in Eq. (13) can be expressed as,
The above expression can be casted in several alternative forms by using integration by parts and the result ∂ r E = Ω∂ r L. However, for this work we will concentrate with the above expression for f , from which the flux F emanating from the accretion disk at a radial distance r is given by,
This is the main observable we will consider in this work. Note that the photon produced from the accretion process will undergo repeated collisions with the accreting fluid, leading to a thermal equilibrium between accreting matter and emanating radiation. This renders the disk to be geometrically thin but optically thick and enables it to emit a blackbody radiation, locally. Due to the blackbody nature of the emitted radiation, the temperature profile of the disk is obtained from the Stefan-Boltzmann law, such that F act (r) = σT (r) 4 . Here σ is the Stefan-Boltzmann constant and
is obtained from Eq. (15) by restoring all the relevant fundamental constants. Thus, the disk emits a Planck spectrum at every radial distance r with a peak temperature T (r). However for convenience one often introduces a dimensionless quantity x, defined as x = r/R g , where R g = GM/c 2 is the gravitational radius. Hence the luminosity L ν emitted by the disk at a frequency ν is obtained by integrating the Planck function B ν (T (x)) over the disk surface, yielding,
In the above expression i stands for the inclination angle between the normal to the disk and the line of sight, while the gravitational redshift factor z g in Eq. (16) is given by,
which relates the change in the frequency suffered by the photon while travelling from the emitting material to the observer [122] . Thus we have finally arrived at the theoretical expression for the luminosity originating from the accretion disk. It depends on the mass of the central black hole, the accretion rate, the inclination angle and the metric parameters through the energy, angular momentum, angular velocity and the radius of marginally stable circular orbit. In the subsequent section we discuss expressions of these quantities in the brane world black hole spacetime under consideration. This will provide us the desired handle to understand the effect of extra dimensions on the continuum spectrum from quasars.
Specializing to brane world black hole
In this section we will explicitly compute the angular velocity, the specific energy and the specific angular momentum associated with the rotating brane world black hole spacetime, whose line element is given by Eq. (1). For this purpose it is important to first write down the relevant metric elements on the equatorial plane,
Here we have introduced the dimensionless radial coordinate x = r/M , as well as dimensionless rotation parameter a * = a/M and dimensionless charge parameter q. In terms of these quantities, one can use Eq. (4) along with Eq. (18) in order to derive the angular velocity Ω in terms of the metric elements, which reads,
Along identical lines one can express the specific energy E and specific angular momentum L in terms of various parameters appearing in the black hole metric, which by the use of Eq. (2) and Eq. (3) takes the following form,
Thus with the above expressions for angular velocity, specific energy and angular momentum expressed in terms of specific rotation parameter a * as well as the tidal charge parameter q we have most of the ingredients required to estimate the luminosity in this context. The only remaining quantity correspond to the radius of the marginally stable orbit, i.e., r ms . This is accomplished by finding the effective potential V eff in which the individual particles constituting the accreting fluid moves. One can write down an expression for the effective potential in a stationary and axi-symmetric spacetime as,
where g tt , g tφ and g φφ are the metric elements given in Eq. (18), while E and L are the specific energy and specific angular momentum presented in Eq. (20) and Eq. (21) respectively. The marginally stable circular orbit corresponds to the inflection point of the effective potential, which is obtained by solving for
For the brane world black hole spacetime under consideration, the dimensionless marginally stable circular orbit, x ms is obtained by solving for the lowest real root of [123] ,
As evident the radius of marginally stable circular orbit x ms will be a function of tidal charge parameter q and specific rotation parameter a * . One can indeed verify that, for q = 0 = a * , x ms = 6, while for q = 0 and a * = ±1, x ms = 1, 9 respectively. This explicitly demonstrates that we get back the Schwarzschild and the Kerr geometry correctly under appropriate limits. In order to derive the radial dependence of the flux, one needs to compute the integral presented in Eq. (15), calculated with r ms as the lower limit. This can be accomplished by using the metric elements of the rotating black hole spacetime and solving for r ms (a, q) from Eq. (23) . Once the flux is known, the luminosity can be computed by using Eq. (16). The above discussion elucidates that the theoretically estimated luminosity from the accretion disk L opt depends on the mass M of the black hole, the accretion rateṀ 0 , the inclination angle i and the nature of the background spacetime. For brane world black holes, the background spacetime is sensitive to two parameters, namely, the specific rotation parameter a * of the black hole and the tidal charge parameter q. The variation of theoretical luminosity with frequency for known mass and accretion rate is demonstrated Note that for a fixed q, increase in a corresponds to increased luminosity. Similarly for a fixed a, a positive value of q leads to greater peak luminosity than the corresponding q = 0 or negative q situations. The accretion rate assumed is 1M ⊙ yr −1 and cos i is taken to be 0.8. This result holds for supermassive black holes with masses M = 10 7 M ⊙ and M = 10 9 M ⊙ although the peak frequency is higher for a lower mass quasar. This is because the peak temperature T for a multi-color black body spectrum scales as T ∝ M −1/4 [124] . See text for more discussions.
in Fig. 1 which illustrates that both q and a * affect the theoretical luminosity non-trivially. Although the presence of q and a * does not substantially modify the luminosity from the disk at low frequencies, the behaviour in the high frequency regime is significantly different compared to the Schwarzschild or general relativistic scenario. Thus one can conclude that the presence of both q and a * affect the luminosity appreciably. For a fixed value of rotation parameter a * , a positive q enhances the luminosity, while a negative charge parameter diminishes the luminosity at high energies. Similarly, for a fixed q, a positive rotation parameter increases the luminosity compared to a non-rotating or retrograde black hole. i.e., prograde spacetimes lead to greater luminosity from the disk. Therefore, luminosity from the disk escalates with positive values of q and a * . It is worth emphasizing that a negative charge parameter is a distinctive feature of extra dimensions and such a feature, if supported by observations, will mark a deviation from general relativity. We would also like to point out that q > 0.25 is not allowed, since the event horizon would disappear with the formation of a naked singularity. On the other hand, the charge parameter q can assume any negative value. Since the parameter q is inherited from the bulk Weyl tensor, it should affect all the black holes in the brane hypersurface in an identical manner such that the value of q should be the same for all the quasars. The rotation parameter a * on the other hand is a characteristic feature of individual quasars and hence should vary from one quasar to another. We need to take an account of this fact when we compare our theoretical luminosities with observations to constrain q and a. In the next section, we will analyze the optical spectra of a sample of 80 quasars to see whether these observations provide plausible indications of extra spatial dimensions.
Numerical analysis: Comparison between theoretical and observed luminosity
In this section, we compare theoretical estimates of optical luminosity of a sample of eighty Palomar Green quasars with the corresponding observed values. Our interest mainly involves optical luminosity because, for supermassive black holes, the luminosity from the accretion disk generally peaks in the optical part of the spectrum. The theoretical optical luminosity, given by L opt ≡ νL ν , is computed at frequency ν corresponding to wavelength 4861Å [120] . Since we are studying a sample of quasars which are not expected to be edge-on systems, one may invoke a conservative bound on the inclination angle, i.e., cos i ∈ (0.5, 1). However, following [120, 125] we adopt a typical value of cos i ∼ 0.8 in our analysis. We have further verified that for non-rotating black holes, given a fixed tidal charge parameter q, the error (e.g., reduced χ 2 , NashSutcliffe efficiency, index of agreement test etc.) between the observed and theoretical luminosities gets minimized when cos i lies between 0.77 and 0.82 [121] , thereby justifying our assumption. Further, the inclination angle of some of the quasars in our sample has been estimated using the degree of polarisation of the scattered radiation from the accretion disk [126] , which is also consistent with our choice of the inclination angle. Following which, we compute the theoretical estimates of optical luminosities for a sample of eighty Palomar Green (PG) quasars studied in [119, 120] using the thin disk approximation for the accretion flow [116, 127] in the background spacetime given by Eq. (1). The masses of these quasars have been independently constrained using the technique of reverberation mapping [128] [129] [130] [131] [132] [133] [134] . For thirteen quasars, the masses are also reported by M − σ method [135] [136] [137] [138] [139] . The bolometric luminosities of these quasars are determined using high quality data in the optical [140] , UV [141] , far-UV [142] , and soft Xray [143] . The observed values of the optical luminosities and the accretion rates of these eighty PG quasars are reported in [120] . Since M andṀ 0 are known for these quasars and cos i has already been argued to be ∼ 0.8, we can vary the metric parameters q and a * to get estimates of the theoretical luminosity that agrees best with the known observed values.
Further, there are restrictions on the values of q and a * . This is because, in order to have an event horizon, the radius of the same must be real, which, in dimensionless unit, for the brane world black hole is given by,
Thus suggests that once a value for q is fixed, the spin parameter a * can only assume values between
Intriguingly, since the brane world black holes can assume negative values for q, the absolute value of the spin parameter a can be greater than unity, which is not possible in the context of general relativity.
As already pointed out the two parameters q and a * are however not at the same footing. The tidal charge parameter q affects all the black holes in the brane in an identical manner and hence should be the same for all the quasars, while the rotation parameter a * should vary from one quasar to another. Thus in order to deduce the most favoured choice for the tidal charge q we adopt the following procedure:
• We start by fixing a value for the tidal charge q, which automatically restricts the range of a * , viz,
• We select one quasar from the sample (with known M andṀ 0 ) and calculate its theoretical estimate of optical luminosity for the chosen q and all the allowed values of a * . The value of a * that best agrees with the observed luminosity, is considered to be the spin of that quasar for the chosen q.
• Keeping the q value fixed, we repeat the above procedure for all the eighty quasars which endows a specific value of a * for each of the quasars in the sample.
• We now repeat the above three operations for different values of q ≤ 0.25.
• This ensures that for every value of q we assign a spin for all the eighty quasars that minimizes the error between the observed and the theoretical estimates of optical luminosities.
This presents the basic numerical procedure we have followed. However, to determine the value of the tidal charge parameter q, where the error between theoretical and observed luminosity is minimized, we have computed several error estimators which we will discuss next.
Estimating the most favoured tidal charge parameter from observations
In this section we discuss several error estimators to find out the most favored model of q that minimizes the error between the theoretical and the observed optical luminosities.
• Chi-square χ 2 : The chi-square (χ 2 ) of a distribution is given by:
In Eq. (25), {O i } constitutes the set of observed data with corresponding errors {σ i } while {M i (q, {a k })} represents the theoretical estimates of the observed luminosity for a given model of (q, {a k }), {a k } being the set of best choice of spin parameters corresponding to all the eighty quasars for a given value of q (see discussion in the previous section). For our sample, since the errors σ i associated with the observed optical luminosity L obs are not reported, we assign equal weightage to each observation.
It is important to note that we do not use reduced chi-square χ 2 Red , where χ 2 Red = χ 2 /ν, (ν being the degrees of freedom) as an error estimator, since in this scenario there are restrictions on the values of q and a (see previous section). Such systems are called models with prior and the definition of degrees of freedom becomes non-trivial [144] in such cases. Since our model falls in such a class we adhere to χ 2 as an error estimator.
The value of (q, {a k }) which minimizes the χ 2 is the one that is most favored by observations. In Fig. 2 , the variation of χ 2 with the tidal charge parameter q is shown, which clearly ilustrates that χ 2 attains a minimum for a negative value of q ∼ −0.2. Since, negative charge parameters are not allowed in general relativity, this may signal some new physics at play in the strong gravity regime, higher dimensions being one such possibility. The spin of the quasars that best explain the data are given by the set {a k } corresponding to q ∼ −0.2. These spins are reported in Table 1 . Before discussing more on the spin of the quasars we consider a few more error estimators, namely the Nash-Sutcliffe Efficiency, the index of agreement and the modified versions of the last two in order to confirm the robustness of our results. ) tidal charge parameter (q) Figure 2 : The figure illustrates the variation of χ 2 with the tidal charge parameter q for a sample of eighty quasars. The minimum of χ 2 corresponds to a negative value of q ∼ −0.2, which implies that higher dimensional models are favored by observations. For more discussions see text.
• Nash-Sutcliffe Efficiency and its modified form: Nash-Sutcliffe Efficiency E [145] [146] [147] relates the sum of the squared differences between the observed and the predicted values normalized by the variance of the observed values. Mathematically it is given by,
where O av denotes average of the observed values of the optical luminosities of the quasars.
It is important to note that E can assume values from −∞ to 1. A model with negative E implies that the average of the observed data is a better predictor than the model. Unlike χ 2 , the most favored model maximises the Nash-Sutcliffe Efficiency. A model which has E very close to 1 is considered to be an ideal model that predicts the observations with great accuracy. The variation of E with q is depicted in Fig. 3a . We note that E assumes the maximum value for q ∼ −0.2, which is very close to the value of q where χ 2 attained a minimum. The maximum value of Nash-Sutcliffe Efficiency corresponds to E ∼ 0.777 which is indicative of a satisfactory model representing the data [148] .
A modified version of the Nash-Sutcliffe efficiency E 1 is often used to circumvent the oversensitivity of Nash-Sutcliffe efficiency to higher values of the luminosity. This oversensitivity arises for taking square of the error in the numerator of the Nash-Sutcliffe efficiency (see e.g. Eq. (26)) [146] . The modified Nash-Sutcliffe efficiency E 1 is therefore taken to be,
which increases the sensitivity of this estimator to lower luminosity values as well. Similar to E, a model which maximizes E 1 is considered to be a better representation of the data. Fig. 3b illustrates The above figure depicts variation of (a) the Nash-Sutcliffe Efficiency E and (b) the modified form of the Nash-Sutcliffe Efficiency E 1 with the tidal charge parameter q. Both the error estimators maximize for negative values of q.
the variation of modified Nash-Sutcliffe efficiency with q. E 1 maximizes at q ∼ −0.25 which further corroborates our previous findings. It is important to note that the signature of q is important here and not its exact value since negative tidal charge parameters does not arise in standard general relativistic situations.
• Index of agreement and its modified form: The index of agreement, denoted by d was proposed by [147, 149, 150] in order to evade the insensitivity associated with the Nash-Sutcliffe efficiency towards the differences between the observed and the predicted luminosities from the corresponding observed mean [146] . Mathematically, it assumes the form,
where O av refers to the average value of the observed luminosities. The quantity in the denominator, known as the potential error, denotes the maximum value by which each pair of observed and predicted luminosities may differ from the average luminosity. Similar to Nash-Sutcliffe efficiency, a maximum of d indicates the best model for q. Fig. 4a shows the variation of the index of agreement d with q. Here also d maximizes at a negative value of q, namely q ∼ −0.1 which is consistent with the predictions by previous error estimators.
Similar to Nash-Sutcliffe efficiency, the index of agreement is also oversensitive to higher values of optical luminosity and hence a modified form of this estimator, denoted by d 1 , is often invoked, As before, the model which maximizes d 1 is considered to be the more favored model. Fig. 4b represents the variation of modified index of agreement with q. d 1 attains a maximum at q ∼ −0.25. This in turn further strengthens our earlier findings that indeed a negative value of q is favored from quasar optical data which signifies the importance of a higher dimensional scenario in the strong gravity regime.
We have already obtained indications of this in an eariler work, [121] where we considered a spherically symmetric scenario with the spacetime similar to the Reissner-Nordström background with the charge parameter assuming both signs. The same sample of quasars were considered and they were assumed to be non-rotating in that case. Evaluation of the error estimators discussed above revealed that a negative charge parameter was favored by observations compared to the Schwarzschild or standard Reissner-Nordström scenario. Since quasars are rotating in general, the current work is aimed to incorporate the spins of quasars by considering the accretion in the corresponding axi-symmetric background.
Constraints on the spin of the quasars
Having established the fact that a negative tidal charge parameter is favored by optical observations of quasars, we now present the estimates of the spins of the quasars from the most favored model of q. The procedure for determining the spin has already been discussed in Section 4. Since q ∼ −0.2 turns out to be the most favored model by observations, the set of spin parameters assigned to the quasars corresponding to q ∼ −0.2, seems to be the best estimates of spin for the quasars.
It may seem that the theoretical estimate of optical luminosity L opt depends not only on the radius of the marginally stable circular orbit r ms but also on the outer radius of the accretion disk r out (Eq. (16)). The results presented in the last section were obtained by assuming r out = 500R g for all the quasars, which is just a typical choice [151, 152] . In order to verify the sensitivity of the results with the choice of r out , we compute all the error estimators discussed in the previous section with r out = 1000R g . Such an analysis reveals that all the error estimators more or less replicate the same trend as observed for r out = 500R g , e.g, χ 2 min is achieved at q ∼ −0.25 while E max and d max occurs at q ∼ −0.2 and q ∼ −0.1 respectively. This indicates that our previous conclusion remains unaltered with variation of r out . A negative value of q which arises in a higher dimensional scenario is indeed favored by optical observations of quasars.
The choice of r out however affects the values of the error estimators. With r out = 1000R g , χ 2 min assumes the value, ∼ 2.53 compared to r out = 500R g , while E max and d max attains values ∼ 0.92 and ∼ 0.98 respectively, compared to their corresponding r out = 500R g counterparts (see Fig. 2, Fig. 3a , Fig. 3b, Fig. 4a, Fig. 4b ).
It is however intriguing to note that although variation of r out does not substantially alter the values of q corresponding to χ 2 min , E max or d max , it does affect the estimates of spin for some quasars. For these quasars, a change in r out (e.g. from 500R g to 1000R g ) causes ∼ 5%-6% change in the disk luminosity for a given choice of q and a. Therefore, the theoretical luminosity assumes minimum deviation from the observed luminosity for a different value of a if r out is changed from 500R g to 1000R g . Note that, apart from q and a, the theoretical estimate of optical luminosity L opt depends on M andṀ 0 which are different for different quasars. For a given q and a, the ratioṀ 0 /M 2 determines how sharply peaked the temperature profile is near r ms (see Eq. (15) and Eq. (16)), since the luminosity of a quasar with a sharply peaked temperature profile T (r) near r ms will not have much contribution from the outer disk and hence the choice of r out will not substantially affect the disk luminosity for such quasars. This feature actually exhibits a limitation in our method of determining the spin, since the angular momentum of quasars should not be affected by the physical extent of the accretion disk. We therefore report the spin of only those quasars whose luminosity and consequently the spin remains unaltered by variation of r out . The best estimates of spin corresponding to q ∼ −0.2 (the most favored model) and the q ∼ 0 (for comparison with general relativity) has been reported in Table 1 . Note that the spins of quasars reported in the literature till date are based on general relativity and are highly model dependent [153] [154] [155] which we discuss next.
It is apparent from Table 1 that more than half of the quasars in the table are maximally spinning which turns out to be a max ∼ 1.34 for our higher dimensional model (with q ∼ −0.2) while a max ∼ 0.998 [115] , if a model based on general relativity is assumed. This is consistent with the study of Crummy et al. [156] , who investigated the spectra of several quasars reported in Table 1 (PG 0003+199, PG 0050+124, PG  0844+349, PG 1115+407, PG 1211+143, PG 1244+026, PG 1402+261, PG 1404+226 , PG 1440+356), using the general relativistic disk reflection model [157] and arrived at a similar conclusion. The spins of some of the quasars reported in Table 1 have been independently estimated [158] by investigating the polarimetric observations of AGNs. It turns out that our estimate of spins for PG 0003+199, PG 0026+129, PG 0050+124, PG 0844+349, PG 0923+129, PG 0923+201, PG 2130+099 and PG 2308+098 are consistent with their estimates while the results obtained for PG 0921+525, PG 1022+519, PG 1425+267, PG 1545+210, PG 1613+658, PG 1704+608 are not quite similar. However, the spin of PG 1704+608 (3C 351), obtained from the correlation between the jet power with the black hole mass and spin [159] turns out to be similar with our estimates of a ∼ 0.1, assuming general relativity. In particular, the spin of PG 0003+199 (also known as Mrk335) has been constrained very precisely to a ∼ 0.89 ± 0.05 [160] and a ∼ 0.83 +0.09 −0.13 [151] , by studying its X-ray reflection spectrum and the relativistic broadening of the Fe-K α line, considering general relativity in the strong gravity regime. Although their method of constraining the spin is different from us, their estimates are well in agreement with our predictions of a maximally spinning black hole in PG 0003+199. By investigating the gravitationally red-shifted iron line of PG 1613+658 (Mrk 876) Bottacini et al. [161] inferred that the quasar harbors a rotating central black hole which is in agreement with our results. The spin of radio-loud quasars, PG 1226+023 (3C 273), PG 1704+608 (3C 351) and PG 1100+772 [162, 163] , have been constrained by Piotrovich et al. [126] to a < 1, a < 0.998 and a ∼ 0.88 +0.02 −0.03 respectively. According to our model, PG 1226+023 harbors a maximally spinning retrograde black hole while PG 1704+608 and PG 1100+772 are slowly rotating prograde systems. It has been recently proposed [164] [165] [166] [167] that retrograde black holes often harbor strong radio jets by the combined effect of Blandford-Znajeck [168] and Blandford-Payne [169] mechanisms which seems to be consistent with the high radio luminosity observed in these systems [163, 170] . Conversely, rapidly spinning prograde systems are generally radio-quiet which seems to be nearly in agreement with our findings [162, [171] [172] [173] .
It is important to note that quasars are complicated systems with their spectral energy distribution (SED) containing emissions from various components e.g., the accretion disk, the corona, the jets, the dust torus etc. which are not always easy to observe and model. Disentangling the effects of one from the other is often very challenging that limits accurate determinination of their mass, distance and inclination. This in turn results in a diversity in the spin estimations for the same quasar by different methods [153-155, 174, 175] . 
Concluding Remarks
In this work we aim to investigate the imprints of higher dimensions in the continuum spectra of quasars which are potential sites to probe strong gravity. The black hole solutions in the 3-brane embedded in a higher dimensional bulk inherits a tidal charge parameter from the bulk Weyl tensor which unlike the wellknown Kerr-Newmann solution can assume negative values. This turns out to be a distinctive signature of extra dimensions which along with the rotation parameter of the black hole modifies the emitted spectrum from the accretion disk significantly. In a previous work [121] we reported that optical observations of quasars favor a negative tidal charge parameter, assuming the black holes in the quasars to be non-rotating.
Since the black holes in general possess some angular momentum, it is instructive to study the interplay of the charge and the spin parameter on the luminosity from the accretion disk. This in turn will allow us to deduce the deviations incurred in our earlier conclusion by the inclusion of the black hole spin. In order to explore the effects of the tidal charge parameter on the continuum spectrum from the accretion disk we consider a sample of eighty Palomar Green quasars [119, 120] with well determined masses, accretion rates and bolometric luminosities. For each quasar, we compute the theoretical estimate of luminosity from the accretion disk using the thin-disk approximation and compare it with the corresponding observed value. Several error estimators, namely, the χ 2 , the Nash-Sutcliffe Efficiency, the index of agreement etc. are evaluated for a more quantitative estimate of our results. This not only enables us to infer about the signature of the most favored charge parameter but also allows us to provide an estimate on the black hole spins. We compare the spins of the quasars reported previously with our estimates and find that they are more or less in agreement. Our analysis reveals that incorporating black hole rotation does not alter our previous conclusion [121] and indeed quasar optical observations favor a negative tidal charge parameter which arises in a higher dimensional scenario.
It is important to note that for more accurate determination of the black hole spins, a more comprehensive analysis of the SED is required taking into account the contributions from the corona and the jet. This requires implementation of a general accretion flow model which relaxes the thin-disk approximations and hence should successfully reproduce the emissions from the disk and the corona. Modelling the jet would be a further upgradation to the theoretical SED. Such a model will also provide stronger constraints on the signature of the tidal charge parameter.
Apart from difficulties in modelling the SED, there are limitations associated with accurate observations of the innermost regions of the accretion disk which is affected by the strong gravity of the central black hole, since the current X-ray telescopes lack the required resolution [153] . In case of supermassive black holes, probing the strong gravity regime becomes even more challenging due to the difficulties in accurately determining their mass, distance and inclinations. These factors therefore often result in diverse constraints on spin for the same black hole.
Apart from continuum emission emitted from the accretion disk around black holes, one can also resort to other observations to gain a deeper insight into the nature of strong gravity. The broadened and skewed iron K-α line in the reflection spectrum of black holes [176, 177] , the quasi-periodic oscillations observed in the power spectrum of some black holes and neutron stars [178, 179] , pulsar timing arrays [180, 181] and imaging the event horizon of black holes with the techniques of Very Large Baseline Interferometry (VLBI) [182] [183] [184] , all provide independent tools to probe the strong gravity regime and hence enable us to establish/falsify/constrain several alternate gravity models. Finally, one can also probe the dynamical nature of gravitational interactions by studying the gravitational waves emanating from the mergers of binary black holes using future missions like Laser Interferometer Space Antenna [101, 106, 110, 185] . We are presently working on the observational aspects of different alternate gravity models which we aim to report in future.
